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Recent progress in electro-optic sampling has allowed direct access to the fluctuations of the
electromagnetic ground state. Here, we present a theoretical formalism that allows for an in-depth
characterisation and interpretation of such quantum-vacuum detection experiments by relating their
output statistics to the quantum statistics of the electromagnetic vacuum probed. In particular, we
include the effects of absorption and dispersion. Our results agree with available experimental data
while leading to significant corrections to previous theoretical predictions and generalising them
to new parameter regimes. We show that transverse (free-field) as well as longitudinal (matter or
near-field) fluctuations can be accessed individually by tuning the experimental parameters.
Over ninety years ago, Heisenberg formulated the
uncertainty principle [1]. As one of its most fascinat-
ing consequences the commutation relations in quan-
tum electrodynamics (QED) imply zero-point fluctu-
ations of the electromagnetic field even in the the
quantum vacuum. Indirect evidence for these fluc-
tuating fields can be seen in experiments measuring
spontaneous decay rates [2], the Lamb shift [3] or the
Casimir force [4]. These effects play an important
role in many different areas of science, such as nan-
otechnology [5] and adhesion [6]. Recently, experi-
ments based on nonlinear optics have opened up an
alternative route to the ground state of the electro-
magnetic field [7, 8]. In nonlinear optics photons can
effectively be made to interact with each other [9–11]
which has become an integral component of a wide
range of experimental techniques [12–14] and permits
remarkable insights into fundamental physics [15, 16].
These new experimental techniques include electro-
optic sampling [7, 8] with a non-linear crystal or the
use of a time-dependent refractive index (the dynam-
ical Casimir effect) [17, 18].
In electro-optical sampling, a linearly polarised,
ultra-short laser pulse propagates through a non-
linear crystal which mixes the laser pulse with any
ambient electric field via its nonlinear properties [9].
This leads to a change of the pulse’s polarisation so
that one obtains information about the ambient field
inside the crystal [19, 20]. The sensitivity of this setup
to extremely weak electric fields provides direct access
to zero-point fluctuations [7, 21]. Using two such laser
pulses (see Fig. 1), it is possible to retrieve informa-
tion about correlations of the QED vacuum between
distinct spatio-temporal regions [8], for example.
Following the pioneering works using such setups
[7, 8, 20, 22] and the accompanying theoretical anal-
yses [21, 23–25], the question regarding the nature
of the quantum fluctuations accessed has been raised
[26]. In particular, as electro-optic sampling is nec-
essarily carried out inside a nonlinear optical crys-
tal, the relation of the sampled quantum vacuum to
the paradigmatic free-space vacuum is an important
question. Here, we address this issue and offer a gen-
eral theoretical framework based on macroscopic QED
[27, 28] which provides a basis for a detailed charac-
y
zx
Photodetector
Non-linear crystal
Ellipsometry
Counter
FIG. 1. Correlation measurement of the quantum vac-
uum via electro-optic sampling: Two linearly polarised
laser pulses with mutual offset δr‖ and delay δt propagate
through a nonlinaer crystal with refractive index n, non-
linear susceptibility χ(2) and volume VC . The pulses mix
inside the crystal via the nonlinear coupling with quan-
tum fluctuations of the electromagnetic field, leading to
a polarisation shift of the laser pulses. Via an ellipsome-
try analysis of the emerging pulses from the crystal, it is
possible to observe the quantum vacuum [8].
terisation and intepretation of quantum-vacuum de-
tection via electro-optic sampling. Our theory is ca-
pable of predicting the output statistics of such ex-
periments, accounting for inhomogeneous dispersive
and absorptive media by considering the full medium-
assisted ground state of the system as predicted by lin-
ear QED consisting of composite (polariton-like) mat-
ter and free-field fluctuations — the vacuum which is
probed is the polaritonic vacuum which generalises the
free-space vacuum to account for the nonlinear-crystal
environment.
Polaritonic matter–field states have recently been
studied in a variety of contexts. In photonic [29]
and polaritonic Bose–Einstein condensates [30], the
matter–field ground state emerges as a macroscopi-
cally occupied spatial mode of lowest energy. In the
emerging field of polaritonic chemistry [31], molecules
and solids of increasing complexity form polaritonic
states inside cavities, significantly altering their phys-
ical and chemical properties.
Our formalism allows for studying of the rich
ontological and spatiospectral structure of polaritonic
quantum vacuum. We show that by tuning the
parameters of the experimental setup within a real-
2istic range, one can individually address longitudinal
near-field fluctuations generated by the charges of the
crystal and field-like propagating transverse ground
state fluctuations. In addition, our formalism over-
comes the limitations of the paraxial approximation
which is crucial to achieve good agreement with
experimental data.
We begin with a brief account of the underpinnings
of our theory. The propagation of a coherent laser
pulse through a medium with second-order nonlinear-
ity induces a nonlinear polarisation field given by [9]
PˆNL(r, ω)=
∫∞
−∞dΩχ
(2)(r,Ω, ω−Ω)?Eˆ(r,Ω)Eˆ(r, ω−Ω).
Here, χ(2) is the nonlinear susceptibility
tensor of the medium, we use the conven-
tion Eˆ(r, t) =
∫∞
0
dωEˆ(r, ω)e−iωt + h.c., and
(χ(2)?EˆEˆ)i ≡
∑
jk χ
(2)
ijkEˆjEˆk. The nonlinear po-
larisation acts as an additional source term in the
wave equation for the electric field, which can be
formally solved as a Lippmann–Schwinger equation
Eˆ(r, ω) = Eˆvac(r, ω) +Ep(r, ω)
+ µ0ω
2
∫
VC
d3r′G(r, r′, ω) · PˆNL(r′, ω), (1)
where µ0 is the vacuum permeability, G(r, r′, ω) is the
Green’s tensor of the vector Helmholtz equation [32],
and VC is the volume of the non-linear crystal. In
the vacuum picture, the coherent laser pulse is given
by the sum of the vacuum field operator Eˆvac(r, ω)
and a classical laser pulse Ep(r, ω) [33]. Note that
Ep(r, ω) may represent two spatially and temporally
separated laser pulses, such as those featuring in the
recent experiment [8]. To obtain the statistical prop-
erties of Eˆvac one could rely on microscopic models
[34]. Here, we use the equivalent, but more general
macroscopic QED which instead characterises the po-
laritonic quantum vacuum inside the crystal via its
linear permititvity, the classical Green’s tensor and
polaritonic creation and annihilation operators fˆ (†),
i.e.
Eˆvac(r, ω) = i
ω2
c2
√
~ε0
pi
×
∫
d3r′
√
Imε(r′, ω)G(r, r′, ω) · fˆ(r′, ω). (2)
The formal solution (1) for Eˆ(r, ω) is infinitely recur-
sive. To solve it we use a Born series, which can be
seen as a perturbation expansion in χ(2) to the desired
order. The zeroth-order contribution Eˆ(0) is given by
the first line of Eq. (1) and the ith order contribution
reads:
Eˆ(i)(r, ω) = −
i∑
j=1
µ0ω
2
∫
VC
d3r′G(r, r′, ω)
·
∫ ∞
−∞
dΩ χ(2) ? Eˆ(i−j)(r′,Ω)Eˆ(j−1)(r′, ω − Ω). (3)
This way, one obtains the electric field emerging from
the nonlinear crystal as a function of the input fields
and the Green’s tensor.
We use our solution to Eq. (1) to find the output
statistics of an electro-optic sampling experiment (see
Fig. 1). These are found from the variance of the
electro-optical operator Sˆ, which for the single-beam
setup used in Ref. [7] reads [21];
Sˆ =
∫ ∞
0
dωA(ω)
∫
d2r‖
[
iEˆ†y(r‖, ω)Eˆx(r‖, ω)+h.c.
]
, (4)
where A(ω) = 4pi0cn(ω)η(ω)/~ω where η is the ef-
ficiency of the photodetector. For the more general
setup used in Ref. [8] where two laser pulses E1,2
are used and which is also depicted in Fig. 1 one
accesses the quantity Sˆ2(δt, δr‖) = (Sˆ1Sˆ2 + Sˆ2Sˆ1)/2.
Here, Sˆi is defined as in Eq. (4) but with the replace-
ment Ep → Ei. Note that Sˆ2(0, 0) = Sˆ2. Using the
perturbation expansion outlined above up to second
order in χ(2) we can evaluate Sˆ2(δt, δr‖) and find [32]
〈: Sˆ2(δt, δr‖) :〉 =
∫ ∞
0
dΩ
∫ ∞
0
dΩ′
∫
VC
d3r′
∫
VC
d3r′′
× 〈Evac,x(r′,Ω)E†vac,x(r′′,Ω′)〉F (r′, r′′,Ω,Ω′), (5)
with the field correlation function given through
macroscopic QED via Eq. (2) as [27, 28]
〈Eˆvac,x(r′,Ω)Eˆ†vac,x(r′′,Ω′)〉 =
2~µ0
pi
Ω2δ(Ω− Ω′)
×
[
1
2
+ nT (Ω)
]
Im [Gxx(r
′, r′′,Ω)] , (6)
where nT (Ω) is the average thermal photon number
at temperature T . The filter function F can be found
in the supplementary material [32], and depends on
the spatio-temporal probe beam profile, the relative
spatial offset δr‖ and temporal delay δt, the optical
and geometric properties of the crystal and its envi-
ronment through the Green’s tensor and the linear
part of the crystal’s permittivity, accounting for dis-
persion and absorption. It determines which spatial
and spectral parts of the vacuum field are accessed
via this quantum-vacuum detector, see Fig. 3. For
a single laser pulse with a Gaussian profile and beam
waist w, taken at equal frequencies and and neglecting
absorption, it reads [32]
F (r′, r′′,Ω,Ω) =
(
2|χ(2)|cµ0Nωp
w2n
)2
f(Ω)2
× e−(r′2‖ +r′′2‖ )/w2e−ing Ωc (z′−z′′) (7)
(N : total number of detected photons, ωp: average
detected frequency, n: refractive index at the central
frequency of the pulse ωc, ng: group refractive index,
f(Ω): spectral autocorrelation function [21, 32]).
The structure of Eq. (5) furnishes us with a clear
physical picture for electro-optic sampling of vacuum
fluctuations. The fluctuating electromagnetic fields
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FIG. 2. Distinguishing contributions from the vacuum
and from the filter function: We consider one y po-
larised laser pulse with Gaussian beam profile with beam
waist w = 3µm and duration ∆t = 5.9 fs to prop-
agate through a ZnTe crystal with length L = 7µm
[32]. Using Eqs. (5)–(7) we plot the normalised fil-
ter function F (r, r′,Ω), ground-state correlation function
〈Eˆvac,x(r,Ω)Eˆ†vac,x(r′,Ω)〉 and signal density s2(r, r′,Ω)
defined by 〈: Sˆ2 :〉 = ∫dΩ ∫d3r ∫d3r′s2(r, r′,Ω) for two dif-
ferent cases: In the first row we plot them as functions of
x and y by setting z = z′ = r′‖ = 0 and Ω = 300 × 2piTH
whereas in the second row we set r‖ = r
′
‖ = z
′ = 0 such
that the only free variables are z and Ω.
inside the crystal (which cannot be directly detected
by a photodetector) imprint their signature on the
probe field. The ground state correlation function
of the electric field hence is sampled in a confined
spatial region and a certain frequency interval defined
by the spectral and spatial profile of the probe.
Which part of the correlation function is accessed can
be adjusted by tuning the experimental parameters
such as the pump pulse profile or properties of the
crystal which in turn determine the filter function,
as shown in Fig. 2. This flexibility means that
electro-optic sampling represents a much more ver-
satile experimental route to accessing the quantum
ground state of the medium-assisted electromagnetic
field compared to more well-established methods
such as the Purcell effect (which only accesses the
two-point correlation function in the coincidence
limit) or the Casimir force (to which all frequencies
contribute). Since we left the laser pulse profile
and the electromagnetic environment of the crystal
unspecified and included absorption effects, Eq. (5)
can be used as a starting point for studying the
structure of the medium-assisted quantum vacuum
in general absorptive and dispersive environments
targeted at chosen spectral and spatial regions. This
allows one to study the polaritonic nature of the
electromagnetic ground state inside the crystal with
unprecedented versatility. Note, however, that as
other methods of accessing the quantum vacuum,
electro-optic sampling experiments can alternatively
and equivalently be described in terms of radiation
reaction [35]. Such an approach can, for example,
predict Casimir forces without any reference to
vacuum fluctuations of the electromagnetic field at all
[36], instead considering a microscopic picture relying
on correlated fluctuations of the atomic systems
making up each plate. In electro-optic sampling, the
corresponding microscopic picture consists of corre-
lated up- and down-conversion processes, which can
themselves be described by radiation reaction [37, 38].
Our results generalise the theoretical framework
previously obtained in Ref. [21] by including matter
fluctuations in the quantum ground state and the
effect of absorption on field propagation, and by
allowing for arbitrary pulse profiles; by going beyond
the paraxial approximation. In the limit of a Gaus-
sian pulse profile, no absorption and the paraxially
approximated laser and vacuum fields we recover
the result of Ref. [21]. The latter is achieved by
taking k(ω)  1/w then q(Ω)  1/w where k(ω)
and q(Ω) are the wave vectors of the laser and the
vacuum fields, respectively. The most dominant
consequence of relaxing this last assumption is that
in that case our theory is capable of including off-axis
phase-matching; using a (2 + 1) dimensional Weyl
decomposition, we find that in the phase-matching
factor sinc[L∆k] with ∆k = ngΩ/c − q the wave
vector of the quantum fluctuations q is replaced by
its z component
√
q2 − q2x − q2y. In order to assess
the validity of the different approximations we use
the same parameters as in Ref. [21] (also listed in the
Supplementary [32]), which were in turn realised ex-
perimentally in Ref. [7]. The result for the integrand
s2(Ω) defined by 〈: Sˆ2 :〉 = ∫∞
0
dΩs2(Ω) in case of
the different approximations is shown in Fig. 3. We
find that in this parameter regime absorption can be
neglected, since the frequency of the only relevant
material resonance is well below the most relevant
frequency range sampled in the experiment. However,
while the result with the paraxial approximation
applied to the laser field agrees reasonably well
with the full result obtained by direct evaluation of
Eq. (5), not applying the paraxial approximation to
the vacuum field reduces the signal by 50 % which is
mainly due to unfavourable off-axis phase-matching
conditions. Note that when following the suggestion
of the authors of Ref. [21] of using a cutoff of the
signal’s spectrum at n(Ω)Ω < cpi/w, the predicted
integrated signal differs from our more complex
theory by 12%. A good tradeoff between simplicity
of expression and inclusion of all relevant physical
effects is found by Taylor expanding the integrand to
find a next-to-leading order paraxial approximation
applied to the vacuum field which agrees with he full
result to around 6% [32].
Next, we turn our attention to the parameter
regime exploited in Ref. [8] where two spatially and
temporally separated laser beams are used. Again,
we can derive a filter function from first principles for
this experimental setup using Eq. (1) as a starting
point. The derivation and the resulting expression
together with the parameters under consideration
43
FIG. 2. Distinguishing contributions to the signal h: Sˆ2 :
i stemming from the vacuum and from the filter func-
tion: We consider one y polarised laser pulse with Gaus-
sian beam profile with beam waist w = 3µm and du-
ration  t = 5.9 fs to propagate through a ZnTe crys-
tal with length L = 7µm. Using Eqs. (4)–(6) we plot
the filter function F (r, r0,⌦), the ground-state correlation
function hEˆvac,x(r,⌦)Eˆ†vac,x(r0,⌦)i and the signal density
s2(r, r0,⌦) defined by h: Sˆ2 :i = Rd⌦ Rd3r Rd3r0s2(r, r0,⌦)
for two di↵erent cases: In the first row we plot them
as functions of x and y by setting z = z0 = r0k = 0 and
⌦ = 300 ⇥ 2⇡TH whereas in the second row we set
rk = r
0
k = z
0 = 0 such that the only free variables are z
and ⌦. For the optical properties and approximations used
to generate this Figure see Ref. [28]. Note that all plots
have been rescaled such that for each of them the maximal
value is below one to ease the qualitative discussion.
adjusted by tuning the experimental parameters such
as the pump pulse profile or properties of the crystal
which in turn determine the filter function, as shown
in Fig. 2. This flexibility means that electro-optic
sampling represents a much more versatile experimen-
tal route to accessing the quantum vacuum compared
to more well-established methods such as the Purcell
e↵ect (which only accesses the two-point correlation
function in the coincidence limit) or the Casimir force
(to which all frequencies contribute). Since we did not
specify the laser pulse profile or the electromagnetic
environment of the crystal and included absorption
e↵ects, Eq. (4) can be used as a starting point
for studying the structure of the medium-assisted
quantum vacuum in general absorptive and dispersive
environments targeted at chosen spectral and spatial
regions. This allows one to study the polaritonic
nature of the ground state inside the crystal with
unprecedented versatility. In order to demon-
strate the validity of the model, we first compare our
result to previous theoretical and experimental works.
In order to make contact with the theory con-
structed in Ref. [21], one needs to assume the laser
pulse to have a Gaussian profile and apply a series of
approximations to our general formula (4). The first
is to neglect absorption by assuming that the linear
Full result
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FIG. 3. Vacuum fluctuations in a bulk medium: Upper
plot: We plot s2(⌦)/N2 without approximations (‘Full re-
sult’), and in the di↵erent various approximations under
consideration: laser paraxial, Taylor expanded integrand
and the paraxial approximation. The ratio of the total
contribution to the variance h: Sˆ2 :i found using each ap-
proximation to our full result is shown in the legend. The
cut-o↵ discussed in the main text is shown by the dashed
vertical line. Lower plot: We plot the signals spectrum
s2(⌦) normalised by
p
C = 2 (2)L!pN/n✏0c which is ob-
tained from h: Sˆ2( t) :i shown in the inset using Eq. (7).
The experimental data and its standard deviation taken
from Ref. [8] is shown with a gray line and the gray shaded
area, respectively. Note that we used a di↵erent normal-
isation for obtaining the spectrum from the time domain
data as the one used in Ref. [8]. The dashed line shows the
predicted outcome using our formalism, for the parameters
used see supplementary materials [28].
permittivity of the crystal is real-valued. Further-
more, the paraxial approximation can be applied to
the laser and vacuum fields by taking k(!)   1/w
then q(⌦)   1/w where k(!) and q(⌦) are the wave
vectors of the laser and the vacuum, respectively.
Such a procedure then reproduces precisely the result
found in Ref. [21]. In order to access the validity of
the di↵erent approximations we use the same param-
eters as in Ref. [21] (also listed in the Supplementary
[28]), which were in turn realised experimentally in
Ref. [7]. The result for the integrand s2(⌦) defined
by h: Sˆ2 :i = R1
0
d⌦s2(⌦) in case of the di↵erent
approximations is shown in Fig. 3. We find that in
this parameter regime absorption can be neglected,
since the frequency of the only relevant material
resonance is well below the most relevant frequency
range sampled in the experiment. However, we see
that while the result with the paraxial approximation
applied to the laser field agrees reasonably well with
the full result obtained by direct evaluation of Eq. (4),
applying the paraxial approximation to the vacuum
field induces an error of 52%. Note that when
3
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FIG. 3. Vacuum fluctuations in a bulk medium: Upper
plot: We plot s2(Ω)/N2 without approximations (‘Full re-
sult’), and in the different various approximations: laser
paraxi l, Taylor expanded integrand and the paraxial ap-
proximation. Note that we have simplified the numerics
by replacing the full simulation with the laser paraxial
approximation in the frequency range Ω < 50 × 2piTHz,
where the two are indistinguishable in the absence of ab-
sorption. The cut-off discussed in the main text is shown
by the dashe vertical line. Lower plot: We plot the signals
spectru s2(Ω) normalised by
√
C = 2χ(2)LωpN/n0c
which is obtained from 〈: Sˆ2(δt) :〉 shown in the inset via
a Fourier transformation. The experimental data and its
standard deviation taken from Ref. [8] are shown in gray.
Not that we used a different conve tion for the Fourier
transform in order to obtain the spectrum from the time
d main data compared to Ref. [8].
can be found in the supplementary material [32].
Strikingly, by using two laser beams one can make
a correlation measurement of the polaritonic ground
state between different spatio-temporal regions,
allowing one to obtain the spectrum s2(Ω) by Fourier
transforming the measured signal Sˆ2(δt) [8], i.e.
1/(2pi)
∫∞
−∞dδt 〈: Sˆ2(δt) :〉eiδtΩ = 12s2(|Ω|) [32]. In the
parameter regime us d in Ref. [8], which is also
summarised in the supplementary materials [32], we
find that one can neith r neglect absorption nor apply
the paraxial approximation to the fluctuating field,
but only the laser paraxial approximation applies.
Neglecting absorption would lead to an additional
unphysical peak of the signal around 2.25 THz which
has been voided i the a alysis of R f. [8] by using
a heuristic high-frequency cut-off. T e res lt for th
spectrum is compared to the experimental data in
Fig. 3.
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FIG. 4. Contribution to the variance for different pulse
durations distinguishing longitudinal near field and trans-
verse propagating fluctuations: We see in (a) that there is
a intermediate interval of ∆t in which 〈: Sˆ2 :〉 is dominated
by longitudinal contributions. This can be explained by
considering the spectra plotted for different values of ∆t
in (b), (c) and (d) as explained in the main text.
We find reasonable agreement between experiment
and theory considering the errors on the input
parameters. Note that our theoretical prediction
does not contain any fitting parameter but is based
on independently-measured optical properties such
as the linear and nonlinear response of the crystal.
Also note that in this parameter regime, one mainly
accesses thermal fluctuations and not zero-point ones
but these are treated on an equal footing in our
generalised theory.
Having validated our theoretical approach we
can now use it to gain a more fundamental insight
i to the nature of the quantum vacuum inside the
crystal. The ground state inside the crystal is that of
the coupled system of the electromagnetic field and
the charges. Hence, the ground-state fluctuations
consist of both field-like propagating fluctuations and
the near field generated by the fluctuating charges
inside the crystal. Note that the latter is not the
same as the fluctuating field in empty space, but
its genaralisation in the presence of an absorbing
background medium, the photon-like part of the
interacting system of photon and charges. It is well-
known (see e.g. Ref. [39]) that in Coulomb gauge one
can distinguish the two different types of contribu-
tions to the quantum vacuum of the electromagnetic
field by decomposing the electric-field operator into
its longitudinal (‖) and transverse (⊥) components
[40]. Using this in Eq. (5), we find contributions
to the signal’s variance stemming from transverse
and longitudinal fluctuations allowing one to analyze
which of the two is accessed in the experiments. We
5use the same parameters as in Refs. [7, 21] except
that we vary the pulse duration ∆t as shown in Fig. 4.
We find that in the parameter regime of Ref. [7, 21]
where ∆t = 5.9 fs only transverse and hence field-like
propagating fluctuations contribute to the signal
and the detected fluctuating field is dominated by
photon-like fluctuations. Since the longitudinal part
is proportional to Im() [32], this can be understood
from the fact that the main frequency range which
is resolved is far from any material resonances, c.f.
Fig. 4(b).
The situation changes for an intermediate pulse du-
ration, where the resolved frequency range coincides
with a material resonance, compare Fig. 4(c). This
leads to the detection of polaritonic modes which
are dominated by their matter content resulting in
mainly longitudinal fluctuations. For longer pulse
duration, only field fluctuations spectrally far below
the material resonance are detected, leading to a
signal which is dominated by transverse fluctuating
fields as indicated in Fig. 4 (d). This analysis reveals
the possibility of unambiguously interpreting and
identifying different properties of the richly structured
polaritonic quantum vacuum inside the crystal using
the formalism developed here.
In conclusion, we have outlined a theoretical
framework for analysing and interpreting the
quantum-vacuum detector as provided by electro-
optic sampling experiments sensitive to the QED
vacuum. Our model includes absorption effects,
goes beyond the paraxial approximation and takes
the full medium-assisted or polaritonic ground state
into account. It agrees well with experimental data
and offers significant improvements on previous
theoretical works in an experimentally-realised pa-
rameter regime. It also provides a detailed theoretical
description which can be used to study, and perhaps
reinterpret the conclusions of Ref. [7]. In addition,
it provides a starting point for a detailed analysis
of the polaritonic quantum vacuum and its rich
structure in new, so far theoretically inaccessible,
regimes. As an example, it was shown that transverse
and longitudinal fluctuating field can be analysed
individually, revealing the polaritonic nature of
the QED ground state in media. This analysis
applies more generally to photonic and polaritonic
Bose–Einstein condensates and molecular polaritonic
systems. Other characteristics of the quantum vac-
uum might be accessible using electro-optic sampling
such as the influence of additional surfaces onto the
electromagnetic ground state which is of relevance
to e.g. the Purcell or Casimir effect, or adhesion
forces. Apart from electro-optic sampling, the general
formalism resulting from our combining of macro-
scopic QED with nonlinear optics has applications
in a wide range of fields such as recent studies
of analogues of the dynamical Casimir effect [18],
pair generation in ε-near zero material or metamate-
rials [41] and photonic Bose-Einstein condensates [42].
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